The Bagger-Witten line bundle is a line bundle over moduli spaces of two-dimensional SCFTs, related to the Hodge line bundle of holomorphic top-forms on Calabi-Yau manifolds. It has recently been a subject of a number of conjectures, but concrete examples have proven elusive. In this paper we collect several results on this structure, including a proposal for an intrisic geometric definition over moduli spaces of Calabi-Yau manifolds and some additional concrete examples. We also conjecture a new criterion for UV completion of four-dimensional supergravity theories in terms of properties of the Bagger-Witten line bundle.
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Introduction
The Bagger-Witten line bundle over a moduli space of SCFTs was originally introduced in [1] to understand a subtlety in four-dimensional supergravity theories, namely how the theory is well-defined across coordinate patches on the target (moduli) space. The resolution of this issue involved observing that the fermions of the supergravity theory couple to a line bundle, the Bagger-Witten line bundle, over the moduli space of scalar vevs. Since then, analogues of the Bagger-Witten line bundle have also been observed in superconformal field theory constructions, see e.g. [2, 3] , and [4] where it arises as a line bundle of Fock vacua over the moduli space.
Despite these general observations, not that much is known about details of the BaggerWitten line bundle. For example, no explicit examples were known until relatively recently [5, 6] , when the Bagger-Witten line bundle was computed for moduli spaces of elliptic curves [5] , a computation that involved slightly extending the moduli space, and the closely related Hodge line bundle was computed for moduli spaces of certain toroidal orbifolds [6] . Other recent work (see e.g. [7] and references therein) has argued that the Bagger-Witten line bundle is flat, consistent with the known examples, in which the Bagger-Witten line bundle is flat but nontrivial.
One reason to try to understand such structures and moduli spaces in general is that they determine and are determined by dualities. For example, moduli spaces of elliptic curves often arise in various contexts in string theory, realized by some fields related to a τ parameter. The τ parameter itself lives on the upper half plane, but duality symmetries exchange values of τ related by P SL(2, Z) = SL(2, Z)/Z, where Z ∼ = Z 2 is the center, and so because of those duality symmetries, we identify τ with a parameter on the moduli space of elliptic curves. This illustrates how knowing the moduli space is equivalent to knowing the (self-)dualities. In type IIB string theories in ten dimensions, for example, such a τ encodes the complexified dilaton. While the center Z of SL(2, Z) acts trivially on τ , its action on other fields of the theory turns out to be non-trivial. For this reason the physically meaningful duality group on bosons is SL(2, Z) rather than just P SL(2, Z). Further, to describe the action of the duality group on fermions [8] , one must extend SL(2, Z) to the metaplectic group Mp(2, Z), reflecting the fact that it is a duality, and the quotient [(upper half plane) /Mp(2, Z)]
( 1.1) is the stack over which the Bagger-Witten line bundle on a moduli space of elliptic curves is defined [5] .
The purpose of this paper is to propose an intrinsic definition of the Bagger-Witten line bundle and of the moduli space on which it lives, and to explore some further aspects of both, including computing more examples, which are in short supply. The correct moduli "space" turns out to be a Z 2 -gerbe over the usual moduli space, which physically implies subtle Z 2 self-duality actions on fermions of the low-energy theories.
We begin in section 2 by reviewing basic aspects of the Bagger-Witten line bundle, and its structure in the special case of a (Z 2 gerbe over a) moduli space of elliptic curves, which forms a prototype for much of our discussion.
In section 3, we propose our intrinsic definition of the Bagger-Witten line bundle. The Bagger-Witten line bundle was originally defined in terms of transformations of Kähler potentials across moduli spaces, but this is not an intrinsic definition. We propose an intrinsic definition as a bundle of covariantly-constant spinors, in close analogy with the Hodge line bundle of holomorphic top-forms. We give several mathematically-rigorous definitions, show they are equivalent, and also check that for moduli spaces of elliptic curves, they specialize to the Bagger-Witten line bundle given in [5] .
Known examples of Bagger-Witten line bundles are in very short supply, so next we turn to the construction of more explicit examples. In section 4 we warm up by describing the Bagger-Witten line bundle over some models of moduli spaces of Calabi-Yau manifolds that are comparatively easy to describe. In section 5 we construct the Bagger-Witten line bundles over the moduli spaces of toroidal orbifolds discussed in [6] .
In section 6, we outline some mathematics conjectures regarding Bagger-Witten line bundles. In particular, we observe that in all currently known examples, the Bagger-Witten and Hodge line bundles over moduli spaces of Calabi-Yau manifolds are flat but nontrivial, and suggest that this may be a criterion for determining whether a given supergravity theory has a UV completion. In sections 7 and 8 we clarify some puzzles regarding applications of these ideas to spacetime superpotentials and Fayet-Iliopoulos parameters. Finally, in appendix A, we collect a number of technical properties of moduli spaces of elliptic curves with level structures, which are used in section 4.
Related notions, motivated by higher-dimensional conformal field theories, have been recently discussed in [9, 10] .
In passing, we should briefly observe some relations to string dualities. One of our arguments is that typical moduli spaces of Calabi-Yau's pertinent for physics (Calabi-Yau's with spin structure) have a Z 2 gerbe structure, corresponding to an extra local Z 2 quotient. Now, moduli spaces are tightly interlinked with self-dualities: subtleties in a moduli space should correspond physically to subtleties in self-dualities of the theories in question. Here, it is worth observing that there are closely related Z 2 's which appear in duality group actions on fermions. One of the authors observed this in [8] for the case of moduli spaces of elliptic curves, in their various manifestations in string theory, and in fact there are closely related subtleties generically in supergravity theories. Generally, a supergravity theory has a global symmetry G and a local symmetry H, which is a Z 2 extension of a local symmetry H ′ which acts on bosons. (The extra Z 2 acts on the fermions of the theory.) For example, in four-dimensional N = 8 supergravity, the global symmetry group is E 7 (7) , with maximal compact subgroup SU(8)/Z 2 . The bosonic degrees of freedom form representations of E 7(7) , and do not see the Z 2 , while the fermions are in representations of SU(8) which do see the Z 2 subgroup. For more information, see for example [11, 12] .
2 Review of Bagger-Witten and moduli spaces of elliptic curves
Bagger-Witten line bundles were originally discovered in four-dimensional N = 1 supergravity theories [1] . Briefly, it was observed there that in such supergravities, Kähler potential transformations
are not a symmetry of the theory, unlike in rigid supersymmetry, unless they are combined with chiral 1 rotations of the gravitino ψ µ and scalar superpartners χ i (see e.g. [15] [(23.9)]):
If the theory has no gauge symmetries, then as argued in [1] the phase factors above close on triple overlaps and so define a line bundle over the moduli space of scalars in the supergravity theory, known as the Bagger-Witten line bundle. If the four-dimensional theory does have gauge symmetries, then on triple overlaps the transition functions need not close, and so instead of an honest line bundle, one has a line bundle on a gerbe, what is sometimes deemed a 'fractional' line bundle (see [5, 16] for a discussion of this issue, and [17] for more information on fractional line bundles). Such objects can be understood as line bundles on stacks, and so we will treat them uniformly as line bundles in this paper.
More formally, we can write the above as
where X is the four-dimensional spacetime, φ : X → M the scalar vevs, and the isomorphisms above are isomorphisms of C ∞ bundles.
In any event, the definition of the Bagger-Witten line bundle above -in terms of transformation properties of the Kähler potential -is not particularly intrinsic. We shall attempt to remedy this matter, by proposing an intrinsic definition in section 3.
Although the Bagger-Witten line bundle was originally discovered in four-dimensional N = 1 supergravity, an analogue exists over moduli spaces of two-dimensional N = 2 SCFTs [2, 3] , corresponding to a (fractional) line bundle of U(1) R rotations. In general, any global symmetry in a worldsheet theory will define some sort of bundle over the moduli space of SCFTs, with transition functions defined by the symmetry group actions across patches on the moduli space. In the present case, the Bagger-Witten bundle corresponds to the two-dimensional U(1) R rotations of the N = 2 SCFT.
In that vein, a Bagger-Witten line bundle can be understood as a bundle of chiral Ramond Fock vacua in the worldsheet theory. (For example, the line bundle of Fock vacua discussed in [4] is a Bagger-Witten line bundle.)
As explained in e.g. [2] and [5] [section 2.2], another way of thinking about the BaggerWitten line bundle is as the bundle of spectral flow operators U 1/2 over the SCFT moduli space, where U 1/2 rotates from R to NS and vice-versa. In a string compactification to four dimensions, this operator is the essential piece of the vertex operator for the spacetime supercharge, which is how this worldsheet description of Bagger-Witten is connected to the target spacetime interpretation in terms of phase rotations of the gravitino, scalar superpartners, and so forth. It is also one of the reasons why we later propose that the Bagger-Witten line bundle be understood geometrically as a line bundle of covariantly constant spinors, as we shall describe in section 3.
Spectral flow by θ = 1 (in the conventions of [18] ) is described by the operator U 1 , which corresponds in a Calabi-Yau compactification to the holomorphic top-form. Briefly, the upshot is that the bundle of spectral flow operators U 1 corresponds to the bundle of holomorphic top-forms, namely the Hodge line bundle L H , which is therefore related to the
In any event, the descriptions of the Bagger-Witten line bundle above -in terms of transformation properties of the Kähler potential, or as a line bundle of Fock vacua -are not particularly amenable to an intrinsic mathematical understanding. We shall attempt to remedy this matter, by proposing an intrinsic definition more nearly suitable for mathematicians in section 3.
So far we have outlined generalities. Next, we will briefly review the highlights of the structure in the special case of moduli spaces of elliptic curves, which provide explicit examples of these ideas. The moduli space over which the Bagger-Witten line bundle is welldefined is a slight variation of the usual moduli space, so we will first carefully review the usual moduli space.
First, as is well-known, SL(2, Z) acts on the complex structure parameter τ of an elliptic curve as
a map which is invariant under the center {±1} ⊂ SL(2, Z). For this reason, we ordinarily think of the moduli space of (complex structures on) elliptic curves as the quotient
where P SL(2, Z) = SL(2, Z)/{±1}. Now, a holomorphic coordinate z on an elliptic curve also transforms under SL(2, Z) at the same time as τ , to ensure that the relation z ∼ = z + mτ + n is preserved, for m, n ∈ Z. The pair transform as [19] [section 2.3]
The holomorphic top-form on an elliptic curve is simply dz, so we see that under SL(2, Z),
In particular, under the center {±1} ⊂ SL(2, Z), dz is not invariant but rather dz → −dz. As a result, the bundle of holomorphic top-forms does not descend to the moduli space M red above, as it is a P SL(2, Z) = SL(2, Z)/{±1} quotient and dz is not invariant under {±1}. Instead, to have a moduli space over which the line bundle of holomorphic top-forms is defined, we must instead work on the (stack) quotient
(2.10)
Although P SL(2, Z) and SL(2, Z) define the same quotient space, since the Z 2 center acts trivially, stacks keep track of even trivially-acting group quotients, and so the P SL(2, Z) and SL(2, Z) quotient stacks are different from one another. (In passing, a moduli space of elliptic curves with fixed holomorphic top-form, not just a well-defined line bundle of holomorphic top-forms, would be the total space of the Hodge line bundle over the moduli space above, minus the zero section.)
Now, suppose we are describing a moduli space of (2,2) supersymmetric nonlinear sigma models with target an elliptic curve with trivial spin structure. (The spin structure of the target space enters into the Fock vacuum, as we shall discuss later.) If we want a moduli space over which the bundle of chiral R sector vacua is well-defined, we must work harder still. Since we have a single complex fermion ψ, in a chiral R sector there are two Fock vacua, typically denoted |± , and defined by
Following standard methods for orbifolds, under ψ → −ψ, these vacua transform as 12) which is consistent with the relation between the vacua defined by multiplication by ψ above. However, because of those transformation laws, note that a line bundle of Fock vacua is not well-defined on M, the SL(2, Z) quotient, as the action of the center {±1} on the vacua generates a phase that does not square to one and so is not consistent with the group law.
In order to get a moduli space over which the Fock vacua are well-defined globally, we must take a further quotient.
To understand the further quotient, let us now repeat this discussion in greater generality. In a nonlinear sigma model on a target space X, the chiral R sector vacua in the RNS formalism produce spacetime spinor indices. Now, on a Kähler manifold, the spinor bundle can be described as 3 [20] [equ'n (D.16)] 13) which is represented by the Fock vacua: the ∧ * T X corresponds to multiplying by various ψ's to interchange the Fock vacua, and a given Fock vacuum (in these conventions, corresponding to the one annihilated by ψ's) couples to √ K X , and so, for example, encodes the target-space spin structure. (See also e.g. [21] .)
In the present case, for X an elliptic curve with trivial spin structure, the fact that the Fock vacuum couples to √ K X means that under an SL(2, Z) transformation, since
a given Fock vacuum transforms as √ dz, i.e.
This is precisely the action of the metaplectic group Mp(2, Z), the unique nontrivial central extension of SL(2, Z) by Z 2 , and so we see that to define a line bundle of chiral Ramond Fock vacua (the Bagger-Witten line bundle) over the moduli space of elliptic curves, we must define the moduli space with an Mp(2, Z) quotient:
This matter was explored in [5] , which proposed that the Mp(2, Z) quotient above is the more-nearly correct moduli space of complex structures for SCFTs for elliptic curve targets.
Of course, this also implies a modification of T-duality, which was propagated through other string dualities in [8] .
For completeness, we should add that for nontrivial spin structures on the target elliptic curve, matters are more complicated. For example, although Mp(2, Z) maps the trivial spin structure to itself, it will in general exchange spin structures on the target-space elliptic curve. Furthermore, precisely one of those target-space spin structures will be compatible with lowenergy supersymmetry: only in the target-space RR sector will there exist a globally-defined nowhere-zero covariantly constant spinor that squares to the holomorphic top-form. (For other target-space spin structures, the spinor bundle will not have a nowhere-zero covariantly constant section.) To construct a moduli space of elliptic curves on which the trivial spin structure naturally enters, one considers an Mp(2, Z) quotient; however, for an analogous moduli space of elliptic curves with nontrivial spin structures, the correct moduli space would be more complicated.
In passing, the reader might be curious about the multiplicity of these bundles, due to the fact that the moduli spaces are not simply-connected. For example, the moduli stack M has fundamental group SL(2, Z), and the moduli stack M S has fundamental group Mp(2, Z). When a Kähler manifold is not simply connected, one has a multiplicity of square roots counted by homomorphisms π 1 → Z 2 , and the Bagger-Witten line bundle L BW is a square root of the Hodge line bundle L H . However, although the moduli stacks are not simplyconnected, there are no nontrivial homomorphisms from either SL(2, Z) or Mp(2, Z) to Z 2 , hence for example there is no ambiguity in the definition of L BW as a square root of L H in this case.
Finally, we should make one additional comment regarding what constitutes a moduli spaces of SCFTs. In the discussion above, we focused on finding a moduli space over which the line bundle of Fock vacua is well-defined. However, depending upon the circumstances, one may wish to impose additional constraints. Suppose one wishes to build a moduli space over which physical fields of nonlinear sigma models on Calabi-Yau targets are well-defined. Defining the worldsheet fermions globally over the moduli space would further constrain it. To see this, note that if the Calabi-Yau has complex dimension n, then the holomorphic topforms have U(1) R charge n when a single worldsheet fermion has U(1) R charge 1. Since the holomorphic top-forms couple to the Hodge line bundle over the moduli space, the individual worldsheet fermions couple to an nth root of the Hodge line bundle, whose defintion could in general require taking a Z n gerbe over the original moduli space. For example, for CalabiYau three-folds, the line bundle of Fock vacua require a Z 2 gerbe over the original moduli space, and the worldsheet fermions require a Z 3 gerbe over the moduli space. Altogether, one would appear to need a Z 6 over the moduli space in order to define both Fock vacua and worldsheet fermions globally. (Happily, for moduli spaces of elliptic curves, matters are simpler, as the worldsheet fermions and holomorphic top-form have the same U(1) R charge and so both couple to the Hodge line bundle.) In this paper, we have decided to focus just on building moduli spaces of abstract SCFTs pertinent for Bagger-Witten line bundles, for which we need to make sense of Fock vacua, but not the worldsheet fields in any given Lagrangian realization of a family of SCFTs.
3 Proposal for an intrinsic definition
Outline and intuition
The Bagger-Witten line bundle was originally defined in [1] in terms of the transition functions of the Kähler potential over the moduli space. In this section we will propose a more intrinsic definition, as a line bundle of covariantly constant spinors, just as the Hodge line bundle is a line bundle of holomorphic top-forms on a moduli space of Calabi-Yau manifolds. To be clear, a bundle of spinors should typically have rank greater than one, but the essential part of the variation -the variation of a single, covariantly constant, spinor -is determined by a line bundle. In this subsection, we will further outline this description, at an intuitive level. In the next subsection, we will give a formal technical definition suitable for mathematicians. In the final subsection, we will resolve a puzzle arising when comparing our definition to that in [1] . Now, as outlined, this definition of the Bagger-Witten line bundle is ambiguous, as on a Calabi-Yau n-fold of maximal holonomy 4 , there are always two covariantly constant spinors (or one and its conjugate, see for example [22] ). As a result, there should always be at least two line bundles which could be labelled as a line bundle of covariantly-constant spinors, and more than that if the holonomy is submaximal. Indeed, we will argue that there are multiple Bagger-Witten line bundles, reflecting the multiple possible covariantly-constant spinors, which will tie into recent discussions of flatness of Bagger-Witten line bundles. In simple examples, we will argue that one spinor couples to L BW , the other to L
As we could replace the Hodge line bundle with its dual, the line bundle of top polyvector fields, we see that both Bagger-Witten line bundles L ± BW can be interpreted as square roots of some Hodge line bundle.
All that said, although there are multiple line bundles that could reasonably be labelled a "line bundle of covariantly-constant spinors," we will give a canonical line bundle in the next subsection. In the rest of this paper, when we speak of "the" Bagger-Witten line bundle, we are referring to that canonical choice.
Furthermore, we should also point out that not all possible square roots of the Hodge line bundle may correspond to line bundles of covariantly-constant spinors. For example, consider a moduli space of elliptic curves, as reviewed in [19] . The Picard group of the stack is Z 12 , generated by the Hodge line bundle. The stack over which the Bagger-Witten line bundle is defined [5] is a Z 2 gerbe on the moduli stack of elliptic curves, with Picard group Z 24 . If we let g denote a generator of the Picard group of this gerbe, then the pullback of the Hodge line bundle and its inverse are g 2 and g 22 , which have four square roots: g, g 11 , g 13 , and g 23 . (This is because, for example, 2 * 13 = 26 ≡ 2 mod 24.) However, this is more roots than we can obviously associate to covariantly-constant spinors; it seems that not every square root of the Hodge line bundle can be a Bagger-Witten line bundle.
To begin to understand these matters, let us illustrate the proposed definition in a little more detail. Recall from [23] [section 15.5 ] that spinors on Calabi-Yau's can be constructed as follows. Begin with a highest-weight state (in the sense of representation theory) |Ω , annihilated by gamma matrices γ i . Then, spinors are constructed as
In the description of [23] [section 15.5] , |Ω corresponds to a covariantly constant spinor, and we propose that 5 the covariantly constant spinor transforms over the Calabi-Yau moduli space as a section of a Bagger-Witten line bundle. (Similarly, the 'filled' state at the opposite end of the representation is identified with the other covariantly constant spinor, and transforms over the moduli space as a section of another Bagger-Witten line bundle.)
It may be helpful to also think about the gamma matrices in this language. Consider first a single elliptic curve in two dimensions. If one identifies
then viewed locally as objects over the moduli space of elliptic curves,
where s transforms locally as a section of L H . Gamma matrices over the Calabi-Yau's discussed here could be obtained from tensor products of the gamma matrices for elliptic curve factors above. Thus, we see that the gamma matrices will map sections of L
−1
H to O and conversely, consistent with the structure of the spin operators over the moduli space as described above.
More generally, the holomorphic top form corresponds to the product of gamma matrices that transform the highest-weight state |Ω to the lowest-weight state -so if the highestand lowest-weight states transform as a Bagger-Witten line bundle and its inverse, then we have that
Let us consider the concrete example of T 6 , with a complex structure describing it as a product of three elliptic curves. Now, T 6 has more than two covariantly constant spinorsin fact, it has 2 3 = 8 covariantly constant spinors (or more accurately, an eight-dimensional vector space of covariantly constant spinors), as we will see explicitly next.
For simplicity, we will assume that the T 6 has a complex structure such that it can be written as a product of three elliptic curves, so that we can apply previous results. In the worldsheet SCFT, the spacetime spin operators are given as tensor products of the Fock vacua over the three elliptic curves, i.e.
Now, if the bundle of chiral Ramond Fock vacua |± over a single moduli space
BW , then the vector bundle of spin operators over the moduli space is
where the p i are the projections to the three factors.
A Bagger-Witten line bundle over the moduli space of this threefold should simultaneously be two things: first, a square root of the line bundle of holomorphic top-forms 6) and second, should appear as a factor determining the spin operator over the moduli space.
Since the Bagger-Witten line bundle is a square root of the line bundle of holomorphic top-forms, we can choose it to be
We also see this structure emerge in the vector bundle of spin operators by writing the vector bundle as
Here, we have extracted the Bagger-Witten line bundle on the moduli space of the threefold. The fact that it appears as a factor in the spin operator is consistent with statements that four-dimensional spinors -the gravitino, the scalar superpartners, the gaugino -all couple to the Bagger-Witten line bundle.
Our definition
So far we have given an intuitive outline of how one might define the Bagger-Witten line bundle more intrinsically. In this subsection we will give several equivalent mathematical definitions of the Bagger-Witten line bundle. We also check that in the case of elliptic curves it gives the correct object, described previously in terms of the metaplectic group.
The stack of CYs with a root of the canonical bundle
The moduli space over which the Bagger-Witten line bundle is defined will be the moduli stack M of Calabi-Yau's X equipped with a "square root of the canonical bundle." By the latter we mean a trivializable line bundle L together with an isomorphism L ⊗2 ∼ = K X . Given a Calabi-Yau X, such a (trivializable) square root of K X is unique up to an isomorphism. But in general, this isomorphism is non-unique: in fact, there are two such isomorphisms commuting with the maps to K X , differing from each other by a sign change. The moduli stack M of Calabi-Yau's X equipped with a square root of the Hodge bundle is therefore a Remark The structure we consider here is somewhat reminiscent of a spin structure, but differs from it in two significant ways: it is a square root of the canonical line bundle rather than of the tangent or cotangent vector bundles; and it is required to be trivializable.
Remark Physically, as mentioned earlier, in a nonlinear sigma model on X, the Fock vacuum couples to this line bundle. The trivializability criterion ensures that for non-simplyconnected Calabi-Yau's, we are taking the spin structure in which fermions are periodic around noncontractible loops, corresponding to Ramond-sector boundary conditions. This is the sector in which the covariantly-constant spinor lives.
A description by an atlas and relations
An equivalent construction can be given as follows. Let U be an atlas on the moduli stack M of (ordinary) Calabi-Yau varieties, with R the relations defining M as a groupoid. Let U be the C × bundle on U, given by the punctured Hodge line bundle (corresponding to nonzero holomorphic top-forms), and letR denote the fiber productR := R × UŨ × UŨ , so that a point ofR is a point of R plus a pair of holomorphic top-forms. ThisR is a C × × C × bundle on R, and the two projections of R to U lift to two projections ofR toŨ. So far we have not done much: the pairR,Ũ is an alternate atlas and relations for the same moduli space M:
Now, in order to get M, we replaceR by a Z 2 torsor R on it, defined by the square root of the ratio of the two holomorphic top-forms that distinguishR from R. In other words,
The ratio f /g itself is a pure number, and the two values of the square root determiine a Z 2 torsor. The quotient stack
is a gerbe over U/R = M, on which the pullback of the Hodge line bundle has a canonical square root. This is our second definition of the Bagger-Witten line bundle.
Remark These constructions are of course very general. For any positive integer n and any line bundle L H on any space M, there is an obvious construction of a Z n -gerbe p : M → M over M and a natural n-th root of the pullback
A more abstract definition via classifying spaces
It is natural to reformulate the previous definitions in terms of classifying spaces.
Let BC * be the classifying space of C * . It has a universal line bundle L which generates its Picard group: Pic(BC * ) = Z and L corresponds to the positive generator 1 ∈ Pic(BC * ) = Z. Let f : M → BC * denote the classifying map of L H (any line bundle over any stack X determines a morphism g : M → BC * , called its classifying map, such that g * L ∼ = γ).
The central extension
defines a Z 2 gerbe p : BC * → BC * . Applying Hom(−, C * ) to this sequence, one sees that the induced map Pic(BC
an arbitrary line bundle γ over a stack X admits a square root over X if and only if the classifying map g : X → BC * factors through the gerbe p. We can now define M to be the fiber product:
The canonical map p M : M → M is a Z 2 -gerbe, since it is the base change of a Z 2 gerbe. The pullback of the universal bundle L along the other projection M → BC * is a square root of π * L H ; this is our third definition of the Bagger-Witten line bundle L BW .
Remark It follows from the previously mentioned properties of p that an arbitrary morphism g : X → M factors through the gerbe π if and only if g * λ admits a square root over X . In particular, the gerbe M is trivial over M if and only if L H admits a square root (in that case, the previous property yields a trivializing section M → M of the gerbe).
Equivalence of the definitions
We verify that the three descriptions of M and the Bagger-Witten bundle over it in subsection 3.2.1 (via roots), in subsection 3.2.2 (via atlases and relations) and in subsection 3.2.3 (via classifying spaces) agree with each other. For the purposes of this section, we let M denote the classifying space definition, and prove that it satisfies the first two descriptions.
Note that an object of M (according to its classifying space definition) over the point Spec C is by definition a Calabi-Yau X, a complex line V (i.e. a line bundle over Spec C), and an isomorphism H 0 (X, K X ) ∼ = V ⊗2 . The last piece of data is equivalent by adjunction to an isomorphism K X ∼ = V ⊗2 , where V is a trivializable line bundle over X (precisely, the pullback of V along X → Spec C). This description evidently agrees with our original definition of M in subsection 3.2.1. Now, the fiber of L BW over (X,
) is by definition V , which is equal to H 0 (X, V), agreeing with the description of the Bagger-Witten line bundle in subsection 3.2.1.
We give a general construction of an atlas for M that will specialize to that given in subsection 3.2.2. Let q : U → M denote an atlas, and R = U × M U the relations. If we make the additional hypothesis that q * L H admits a square root over U, then a choice of such a square root defines a morphismq : U → M such that pq = q (see the remark in subsection 3.2.3). Actually,q fits into a diagram
The section s trivializes the gerbe
Since the natural map U → U ×BZ 2 is representable, and U × M M → M is representable as the base change of the representable map q, we conclude thatq is representable. Hence U is also an atlas for the stack M with relations U × M U, which is a Z 2 torsor over R.
The atlas construction above fails if q * L H does not admit a square root over U. However, we can always replace U withŨ, the complement of the zero section in the total space of q * L H . Of course, the pullback of q * L H toŨ has a canonical trivialization OŨ ∼ = q * L H (induced by the global section (u, ω) → ω of q * L H ), so the construction of the previous paragraph can be applied instead to the new atlasq :Ũ → M (with relationsR =Ũ × MŨ ).
Explicitly,q maps (u, ω) ∈Ũ to the Calabi-Yau X u , together with the square root
refers to the fiber of this line bundle over (u, ω) ∈Ũ). We claim thatŨ × MŨ is isomorphic toR from subsection 3.2.2. Explicitly, a point p ofR consists of points u, u
, and an isomorphism f :
A point q in the fiber ofR →R over p consists of the same data, together with an isomorphism φ : C ∼ = C (between the given square roots of
commutes. In other words, we have to give λ ∈ C such that λ 2 = f * ω ′ /ω, agreeing with the first description ofR. In conclusion, we have shown that M admits an atlas as described in subsection 3.2.2, and proven the equivalence of all definitions.
Relation to spinors
Everything so far in this section was quite general. In particular, there was no reason to consider only square (as opposed to n-th order) roots. On the other hand, only square roots appear in the description in terms of spinors in the previous section 3.1. We would like to note here that the spinorial construction is indeed a special case of our current approach.
We return to the general setup of subsection 3.2.3, letting M denote an analytic stack and L a holomorphic line bundle over it. However, we will assume that L is of the form L = det V, where V is a rank r complex vector bundle over M. Once again, M = M × BC * BC * denotes our Z 2 gerbe over M, and p M : M → M denotes the canonical map. We have seen that p * M L admits a holomorphic square root K over M. Hence, we have that c 1 (p * M L) = 2c 1 (K), and thus
Reducing mod 2, we find that w 2 (p * M V) = 0, and hence the pullback W := p * M V admits a spin structure. This spin structure, of course, is not uniquely determined: the set of isomorphism classes of spin structures on W is a torsor over H 1 (M, Z 2 ), and so if M is not simply connected we should not expect the spin structure to be unique.
We can specialize again to M being a moduli stack of (polarized) Calabi-Yau manifolds. Applying the discussion above to the relative cotangent bundle Ω 1 U /M of the universal CalabiYau U → M over the moduli space, we conclude that its pullback to M admits a spin structure (as M was constructed by applying subsection 3.2.3 to the determinant of Ω 1 U /M ). Let P → M denote the principal spin bundle constructed from the chosen spin structure on the pullback of Ω 1 U /M , S the spinor representation of Spin(2n) (where n is the dimension of a Calabi-Yau appearing in M), and S the associated complex vector bundle over M.
For any Calabi-Yau manifold X, we have a two dimensional space of covariantly constant spinors. If we assume furthermore that dim(X) is odd, then the space of covariantly constant spinors breaks up canonically as the direct sum of two complex lines: the (covariantly constant) positive and negative half-spinors (or: the chiral and anti-chiral spinors). Working over the universal Calabi-Yau U → M, and assuming that the Calabi-Yau manifolds appearing in M have odd complex dimension, we then have a line subbundle L BW of S with fiber over any given X the complex line of positive parallel half-spinors on X.
We have a C-bilinear pairing Hence, we find that our gerbe M carries a line bundle of covariantly constant spinors squaring to the pullback of L H , matching the description in section 3.1.
Elliptic curves
We can now explicitly describe M in the case that M = M 1,1 is the moduli stack of elliptic curves. In this case, the (analytic) atlas
(where h denotes the upper half plane) will suffice. Consider the metaplectic stack [h/Mp(2, Z)], which is a Z 2 gerbe over M 1,1 via the quotient Mp(2, Z) → SL(2, Z). The pullback of L H to the metaplectic stack admits a square root, which we describe now. Firstly, recall the following explicit description of Mp(2, Z):
where as usual,
The group law is (
Hence, we obtain (see the remark in subsection 3.
′ ] of the presenting groupoids over M 1,1 . The induced map on the atlas h is the identity, so F is determined by the induced morphism R ′ →R of Z 2 torsors overR. We will show that this morphism induces a bijection on closed points, hence is an isomorphism.
We havē
and,
The induced map R ′ (C) →R(C) evaluates the function η at τ ∈ h, and is a bijection (the function cz + d has two square roots over h, and these are never equal at a point). Therefore R ′ →R is an isomorphism, and the same is true for F . By construction of F , F * L BW is the chosen square root L 1/2 of the Hodge bundle over [h/Mp(2, Z)].
Resolution of a puzzle
So far we have described Bagger-Witten line bundles in terms of covariantly constant spinors. However, as previously noted, there are multiple covariantly constant spinors -two on a generic Calabi-Yau threefold. Witten originally defined the Bagger-Witten line bundle in terms of holomorphic transition functions exp(−f /2), determined by the Kähler potential as
Consistency would appear to require an analogous ambiguity or symmetry in the definition above. Based on our statements above, for a generic Calabi-Yau threefold, we expect that the two Bagger-Witten line bundles are L BW and L
−1
BW , suggesting that the supergravity theory should be invariant under f → −f , which is not at all clear. This puzzle is resolved by the work of [7] , who as interpreted in [5] , argued that the Hodge and Bagger-Witten line bundles should be flat 6 . For a flat bundle, we can choose transition functions exp(−f /2) to be constant (and in this case, f 's pure imaginary). The four-dimensional supergravity is clearly invariant under f ↔ f , and under that action, since for f pure imaginary, f = −f , we see that both L BW and L
BW can act as Bagger-Witten line bundles in the sense above, as expected.
It is worth repeating that this is consistent with known examples. For moduli spaces of elliptic curves [5] , both Hodge and Bagger-Witten line bundles are nontrivial and flat. The moduli spaces of toroidal orbifolds discussed in [6] and in section 5 are similar: the Hodge line bundles are, again, flat, generating finite subgroups of the Picard group, hence the Bagger-Witten line bundles are also flat, since they are square roots of the Hodge line bundle.
Conversely, we know that Calabi-Yau manifolds always have (at least) two covariantly constant spinors, and if the symmetry exchanging them in the supergravity theory is f → f , then this would appear to require that f be pure imaginary, suggesting that Bagger-Witten line bundles must always be flat, an alternative to the argument in [7] . Since Bagger-Witten line bundles are square roots of Hodge line bundles, this would imply that Hodge line bundles must also always be flat. It would be interesting to understand the Bagger-Witten and Hodge line bundles in a greater variety of examples, to better appreciate subtleties. (See also [9] for some related observations.)
Some warm-up models
Before describing the Bagger-Witten line bundles over the moduli spaces of toroidal orbifolds constructed in [6] , first we will warm-up with some models that are easier to work with explicitly. Specifically, we will construct Bagger-Witten line bundles on (Z 2 gerbes on) moduli spaces that are products of the spaces
and
where h is the upper half plane, and Γ(2) and Γ 1 (2) are (congruence) subgroups of SL(2, Z). These are moduli spaces of elliptic curves with level structures, and we have outlined their properties in appendix A. Some such moduli spaces appeared in the work [24] , as moduli spaces of toroidal orientifolds with flux. Although we do not know of Calabi-Yau manifolds whose moduli spaces correspond to every possible product of M(2), M 1 (2), their relative ease-of-use and explicit description nevertheless make them handy for technical illustrations of the construction of Bagger-Witten line bundles, which is what we shall do in this section.
Before going further, let us also perform a simple consistency check of these models. In [25] , it was proposed that a necessary condition for existence of UV completion in a gravity theory is that the closure of the moduli space should be simply connected. (See also e.g. [26] [section 2.7], [27] .) We are starting with stacky moduli 'spaces' M(2) and M 1 (2), keeping track of SL(2, Z) actions (and actions of certain subgroups), and also remembering trivially-acting group actions. These stacky moduli spaces are not simply-connected, but the varieties underlying M(2) and M 1 (2) both compactify to 7 genus zero curves. Therefore, in terms of the underlying varieties, omitting the stack structure, the closure of the moduli spaces in these examples is simply-connected, consistent with the proposal [25] that closures of moduli spaces be simply-connected. Now, let us turn to the construction of Bagger-Witten line bundles. As explained in appendix A, much as in the case of ordinary elliptic curves, the Hodge line bundle is welldefined over both M(2) and M 1 (2), but it does not have a square root there. In both cases, as well as [h/SL(2, Z)], the Hodge line bundle is nontrivial and generates the Picard group. If the entire moduli space is a single M(2) or M 1 (2), then we need to construct take a local trivially-acting group quotient (technically, aa Z 2 gerbe), over which the Hodge line bundle does admit a square root.
Some natural choices of such Z 2 gerbes are outlined in appendix A. Specifically, following the same model as for ordinary elliptic curves, we can pull back the congruence subgroups Γ(2), Γ 1 (2) ⊂ SL(2, Z) to Mp(2, Z). If we let p : Mp(2, Z) → SL(2, Z) denote the projection, then instead of M(2) or M 1 (2), we could consider instead
respectively. As discussed in appendix A, for these stacks (which are Z 2 gerbes over M(2), M 1 (2)), the Hodge line bundle is the square of a generator of the Picard group. Hence, we can identify each Bagger-Witten line bundle with a generator.
If the moduli space is a product of several factors of the form above, then the construction of the Z 2 gerbe is more subtle. Naively, one might imagine taking a product of factors in which each factor has a Z 2 gerbe -but that goes too far, providing more roots than just the single square root actually required. The construction in this case is more subtle, as we describe next. 7 In more detail, the compactification of the variety underlying M(2), sometimes denoted X(2), is a P 1 with coordinate λ and with a universal curve
3)
The symmetric group S 3 acts on X(2) sending λ to the six cross-ratios of the four points 0, 1, λ, ∞, and the quotient X(2)/S 3 is the coarse moduli space of elliptic curves. The quotient X(2)/Z 2 , for Z 2 ⊂ S 3 , is X 1 (2), the coarse moduli space underlying M 1 (2) . See also e.g. [28] .
Consider for example a product of three factors of the form
where h is the upper half plane and Γ A,B,C are each equal to either Γ(2) or Γ 1 (2). In each case, the Hodge line bundle corresponds to an element of the Picard group of the product of the form (g A , g B , g C ), where each g generates the Picard group of the factor. Now, the moduli space for which the Bagger-Witten line bundle is defined is a Z 2 gerbe over the moduli spaces above, as it is a square root of the Hodge line bundle. (In particular, we go to a Z 2 gerbe over the original moduli spaces, because the Hodge line bundle admits no square roots over the original moduli spaces but may over a suitable Z 2 gerbe.) We construct it explicitly as follows.
First, for the (Z 2 )
3 appearing as the kernel
define f : (Z 2 ) 3 → Z 2 to be the product of the elements of (Z 2 ) 3 , and define K to be the kernel of f .
The map Mp(2, Z) 3 → SL(2, Z) 3 descends to a map A 1 → SL(2, Z) 3 , with kernel Z 2 :
By construction of the fiber product, there are natural maps from A 2 to both A 1 and
is surjective with kernel Z 2 :
Finally, the Z 2 gerbe over the moduli space, over which square roots of the Hodge line bundle exist, is given by
which is a Z 2 gerbe over
In particular, if we had needed to define the Bagger-Witten line bundle for each factor separately, then we would need a moduli space of the form
where p : Mp(2, Z) → SL(2, Z). However, because the three Fock vacua of the individual tori are always multiplied together, in the form
we do not need to define them separately to build a moduli space of SCFTs -we only need for the product of the three vacua to be well-defined across the moduli space. This is why we take an extension by a single Z 2 , defined by the product map f above, rather than a metaplectic extension of each individual factor.
Before moving on, we should address the physical meaning of these extra Z 2 gerbe structures which we are forced to introduce in order to define the Bagger-Witten line bundle. In the case of moduli spaces of elliptic curves, we argued in [8] that this structure was physically meaningful, encoding an extra Z 2 T-duality, and also arose in related string dualities. In principle, the same statement is also true in more general cases: an extra Z 2 involution in the definition of the moduli space of SCFTs implicitly implies an extra Z 2 self-duality in the target space low-energy theory, and for the Z 2 arising in defining the Bagger-Witten line bundle, given its role in four-dimensional supergravities, the implication is that the extra Z 2 self-duality acts on fermions.
Three-dimensional toroidal orbifolds
Next, we will apply our construction to the moduli spaces of toroidal orbifolds with h 2,1 = 3 obtained in [6] . We briefly recall the setup and results of that paper here. Let E i (i = 1, 2, 3) denote a triple of elliptic curves, Y = E 1 × E 2 × E 3 . We consider a finite group G = (Z 2 ) r+2 (0 ≤ r ≤ 6) acting on Y by a combination of elliptic involutions (i.e. z i → −z i ) and translations by points of order 2: the precise group actions considered are described in the appendix of [6] , as well as Table 1 of [29] . The basic example the reader should keep in mind is G = (Z 2 )
2 , acting on Y by an even number of elliptic inversions (e.g., (z 1 , z 2 , z 3 ) → (−z 1 , −z 2 , z 3 )). The quotient X = Y /G is in all cases a possibly singular complex orbifold, but admits a crepant resolution X → X (described in section 5 of [6] ). X is a Calabi-Yau manifold of dimension 3, and its complex structure moduli space is known explicitly for 10 of the listed G actions.
Firstly, note that H max := (Z 4 ) 6 ⋊ Γ 3 ⋊ S 3 (where as usual Γ := SL(2, Z) and S 3 is the symmetric group on three letters) acts on han embedding of G into H max . Its normalizer in H max is denoted H, and the quotient is
there is a family Y → h 3 of abelian varieties, and G acts on this family to yield a deformation Y/G → h 3 of X. The classifying map of this family, h 3 → M X (to the moduli space of X), then induces an isomorphism M X ∼ = [h 3 /H ′ ] in the relevant cases (when h 2,1 (X) = 3). Lastly, as the particular resolution X → X can be performed in families, we identify M X with M X .
We want to construct our gerbe M over M := M X and identify the Bagger-Witten bundle on it. We will use the atlas and relations description provided in subsection 3.2.2. Our atlas is U = h 3 . The Hodge bundle on M has a simple description: we begin with the invertible sheaf O h 3 [dz 1 ∧ dz 2 ∧ dz 3 ], and define an action of (a, g, σ) (here, a ∈ (Z 2 )
6 , g = (g 1 , g 2 , g 3 ) ∈ Γ 3 , and σ ∈ S 3 ) on this sheaf by
where
and |σ| ∈ Z 2 is the sign of σ ∈ S 3 . We start with some group theoretic setup: define a group H max bỹ
, where η(τ ) = η 1 (h(τ ))η 2 (τ ) (here we are viewing h as an automorphism of h 3 ). The natural projectionH max → H max has kernel Z 2 . We seek a more explicit description ofH max . Let
An element ofS 3 is thus an element of S 3 together with a square root of its sign. There is a natural mapS 3 → S 3 , with kernel Z 2 . We can then construct an extension of H max of the form (
where h = (a, (g 1 , g 2 , g 3 ), σ) ∈ H max , with a ∈ (Z 4 ) 6 , g i ∈ SL(2, Z), and σ ∈ S 3 . The map is well-defined since
The kernel ker ρ consists of elements (0, (1 SL(2,Z) , η i ) i=1,2,3 , 1 S 3 , ǫ) satisfying η 2 i = ǫ 2 = 1 for all i, and ǫη 1 η 2 η 3 = 1 (we let the identity of a group Ω be denoted 1 Ω when there is potential confusion). The first condition defines a subgroup isomorphic to (Z 4 ) 4 (abstractly: this subgroup should not be confused with the (Z 4 ) 6 translation subgroup; it intersects it trivially), and the second condition yields a subsequent (Z 4 ) 3 subgroup. We conclude that
From now on, let π :H max → H max denote the projection. LetH = π −1 (H),G = π −1 (G). There is an isomorphismH/G ∼ = H/G = H ′ . G itself embeds intoG ≤H as a normal subgroup, and we can form the quotientH ′ :=H/G.
We return to the construction of the moduli space M, following subsection 3.2.2. Firstly we replace U = h 3 withŨ , the total space of the punctured Hodge bundle. A point ofŨ is a pair (τ, ω), where τ = (τ 1 , τ 2 , τ 3 ) and ω is a holomorphic top form on
Note now thatH ′ acts onŨ by
and the corresponding space of relations R ′ has points (τ, ω, τ ′ , ω ′ ,h, η), with h · τ = τ ′ and
where we have used w i to denote coordinates on h 3 to avoid confusion with the fixed τ i 's. We have a natural map R ′ →R evaluating η at (τ 1 , τ 2 , τ 3 ) to yield a complex number λ = η(τ ) satisfying
The map is clearly a biholomorphism (if η 2 = η ′2 for nonvanishing η and η ′ on h 3 , then η = ±η ′ , and thus having η(τ ) = η ′ (τ ) for a single τ would imply η = η ′ ), so we conclude that
The Bagger-Witten bundle then has the following explicit description. Begin with the invertible sheaf O h 3 √ dz 1 ∧ dz 2 ∧ dz 3 , and define an action of (h, η) ∈H ′ on the generator
This action defines a line bundle L BW over M. Since η 2 = (−1)
BW is isomorphic to the pullback of the Hodge bundle, as usual.
Note that in the simple case in which G = (Z 2 ) 2 , and X is (a resolution of) the VafaWitten orbifold, we have H = H max and thus equation (5.5) together withH ′ =H/G gives a quite explicit description of the moduli space.
Criteria for existence of UV completions
Over the last few years, there have been several proposals for criteria to check existence of UV completions of four-dimensional supergravity theories, such as the weak gravity conjecture (see e.g. [25] [26] [27] ). In this section, we will propose another, based on properties of the BaggerWitten line bundle.
First, it has been argued in physics in e.g. [7] that, over 8 moduli spaces of maximal holonomy Calabi-Yau n-folds for n = 2, the Bagger-Witten line bundle is always flat. (For a more detailed analysis of this statement, and of earlier work, see [5] .) There are also analogous results in four-dimensional N = 2 theories [31] , namely that bundles of superconformal primaries over Higgs branches of such theories admit flat connections.
In fact, in all known examples [5, 6] the Hodge and Bagger-Witten line bundles are not only flat, but also holomorphically nontrivial. Strikingly, from a physics perspective, this includes the free-field case of elliptic curves -even there, on a moduli space of physical theories defined by free fields, the Hodge and Bagger-Witten line bundles are nontrivial. Given that they are nontrivial in all known examples, even for moduli spaces of free field theories, we propose the following This is intended to be a proposal for a criterion for UV completions of four-dimensional N = 1 supergravity theories specifically. Certainly for non-supergravity theories, we cannot even formulate the conjecture, but also for supergravity theories in other dimensions, there may be other subtleties. For example, in a compactification to six dimensions, the U(1) R worldsheet symmetry is enhanced (to SU(2) R ), which would modify the analysis. The conjecture is motivated by perturbative Calabi-Yau compactifications, but is intended to apply to more general four-dimensional supergravity theories as well.
In passing, let us also briefly comment on the simple-connectedness criterion for UV completions. It was argued in e.g. [25, 26] that after projecting out gerbe structures, compactifications of the moduli spaces arising in string theory should be simply-connected. In addition to observing that this worked in examples, they also argued that, for example, if one compactifies to 0 + 1 dimensions on a spatial circle (amongst other things), then following a noncontractible loop on the moduli space along that spatial circle would give a nonzero global charge, contradicting various folk theorems about existence of UV completions of gravity theories. We emphasize that this argument only sees the 'untwisted-sector' portion of the fundamental group of a moduli stack. For example, a moduli space of elliptic curves [h/SL(2, Z] has fundamental group SL(2, Z), including a Z 2 center that is due to a Z 2 gerbe structure, but after projecting out gerbe structures, it compactifies to a genus zero curve.
Based on the statements in the previous section and elsewhere, we can make a few mathematics conjectures regarding properties of the Hodge line bundle of holomorphic top forms over a moduli space of Calabi-Yau manifolds:
1. We conjecture that the dual of the Hodge line bundle is ample. Physically, this follows from an observation in [1] that ties properties of the Hodge line bundle to positivity of kinetic energies. That said, over noncompact moduli spaces, this is a rather weak statement, as the notion of 'ample' is comparatively weak, and over (partial) compactifications, this effectively acts as a constraint on any extension of the Hodge line bundle over the compactification divisor, at least for compactifications intended for physical applications. In any event, this conjecture has appeared elsewhere, and we repeat it here for completeness.
2. We conjecture that over an uncompactified moduli space of maximal-holonomy CalabiYau n-folds, for n = 2, the Hodge line bundle is nontrivial but is associated with a flat connection. This is simply an analogue of the physics conjecture above.
Spacetime superpotential terms
As originally noted in [1] , the four-dimensional N = 1 supersymmetric spacetime superpotential is a meromorphic section of L ⊗2 BW ∼ = L H . It is important to note, however, that the space over which it lives may be slightly different than the moduli spaces discussed so far, which resolves a small puzzle as we will summarize in this section.
So far we have discussed moduli spaces of target-space gauge singlets, in effect. In a perturbative heterotic compactification on one of the Calabi-Yau threefolds discussed in this paper, the 'moduli space' over which the spacetime superpotential is defined would be more than just the space of singlets -it would also include vevs of charged matter fields. For example, in a perturbative heterotic compactification on a Calabi-Yau threefold on the (2,2) locus, the target-space theory would contain matter in the 27 and 27 of E 6 , and the spacetime superpotential is defined over a space of not only gauge singlets but also 27 and 27 vevs. We can locally model the structure of that moduli space as follows. As discussed in [4] [section 2.3], for (2,2) supersymmetric worldsheet theories, the 27 and 27 couple to T M⊗ L BW , the tangent bundle of the moduli space twisted by the Bagger-Witten line bundle. Therefore, we can locally model the moduli space over which the spacetime superpotential is defined to be the total space of T M ⊗ L BW , where the moduli space M is the moduli space of gauge singlets discussed elsewhere in this paper.
This resolves a minor puzzle concerning the spacetime superpotential. For all of the moduli spaces discussed in this paper, both the Bagger-Witten line bundle and the Hodge line bundle are examples of 'fractional' line bundles on gerbes, which are not pullbacks of line bundles on underlying spaces. Such line bundles on gerbes can have odd properties, such as fractional Chern classes, but more to the point for our discussion, they do not admit any sections 10 , holomorphic or meromorphic or smooth. Therefore, if the spacetime superpotential were defined over M, and not the total space above, then since L H has no sections, the spacetime superpotential must vanish, contradicting the fact that Yukawa couplings such as 27 3 and 27 3 , corresponding to derivatives of the spacetime superpotential, are nonzero.
The resolution of this puzzle, at least in this model of the (2,2) locus, lies in the fact that the spacetime superpotential is defined not over M, but rather the total space of another such fractional bundle, namely T M ⊗ L BW . Such a total space is not a gerbe, and so this obstruction to the existence of the superpotential is removed.
To clarify, let us consider a simple example, the line bundle sometimes denoted O(−1/2) over a Z 2 gerbe on P 1 . We can think of this as the line bundle O(−1) on the weighted projective stack P 1 [2, 2] , which is realized in a two-dimensional gauged linear sigma model with gauge group U(1) and fields x 0,1 with charges
10 For the moduli spaces appearing in section 4, we can see this explicitly as follows. Those moduli spaces are products of quotients [h/G] where G is some congruence subgroup of SL(2, Z) or a related group. A section of the Hodge line bundle would be a modular form for that congruence subgroup, of degree one. Such modular forms are discussed in [32] [section 1.2] . Briefly, a function f is modular for a congruence subgroup if for any γ ∈ G,
and f is holomorhpic on h and at the cusps (meaning its transforms are holomorphic at infinity). In any event, much as for ordinary modular forms, if k is odd, there are no modular forms of weight k with respect to any congruence subgroup containing −I, such as Γ (2) We intepret x 0,1 as homogeneous coordinates on the P 1 , and z as a coordinate along the fiber of the line bundle. This is a line bundle on the gerbe, but over P 1 , it is merely a fiber bundle, with fibers [C/Z 2 ]. Here we see explicitly in this example that the total space of a fractional line bundle (a line bundle on a gerbe which is not a pullback of a line bundle on the base) is not itself a gerbe.
In fact, more can be said. The zero section of a fractional bundle gives a copy of the underlying gerbe. As a result, over the total space of T M ⊗ L BW , the locus where all charged matter vevs vanish naturally has a gerbe structure -perfectly reflecting the physical expectation that that classical enhanced symmetry locus should be singular.
Fayet-Iliopoulos parameters
For a number of years, it was thought that four-dimensional N = 1 supergravity could not admit moduli-independent Fayet-Iliopoulos parameters, until the paper [33] observed a loophole: Fayet-Iliopoulos parameters could be consistent so long as they are quantized. The papers [13, 16] observed that the quantization condition is closely interrelated with the structure of the Bagger-Witten line bundle. Specifically, [13, 16] observed that in a G gauge theory, the (quantized) Fayet-Iliopoulos parameter corresponds to a choice of G action on the Bagger-Witten line bundle. Now, to be clear, from the perspective of a low-energy observer, this matter is somewhat moot: a low-energy theory will only include a U(1) if one is working near a fixed point of its action on the moduli space, where the D-term vanishes. Questions of nonzero FayetIliopoulos parameters are really questions about whether there can exist another fixed point with a nonzero FI parameter, a question which has not to our knowledge been addresses in the literature. We will make a few observations concerning these formal properties.
If the Bagger-Witten line bundle were trivial, then there would be a natural 'trivial' equivariant structure, which would correspond to a vanishing Fayet-Iliopoulos parameter. However, as observed elsewhere in this paper, that is not the case in any known examples. When the Bagger-Witten line bundle is nontrivial, as is the case in known examples, there are two important subtleties to bear in mind:
• First, an action of the gauge group might not exist on the Bagger-Witten line bundle, even if it is flat. As a proof of concept, consider the following example. Let E be an elliptic curve. The line bundles on E that admit flat connections are parametrized by Pic 0 (E). Consider the Z 2 action on E that sends z → −z. Its induced action on Pic 0 (E) just sends a holomorphic line bundle L → L −1 . A line bundle in Pic 0 (E) will admit a Z 2 -equivariant structure if and only if it is fixed under the action of the generator of Z 2 , in other words if and only if L ∼ = L −1 , so that L is a two-torsion line bundle, of which there are precisely four. Thus, although there is a continuous family of line bundles with inequivalent flat connections on E, only four of those admit a Z 2 -equivariant structure.
• Second, there need be no natural 'zero' equivariant structure, hence no canonical way to make sense of a vanishing Fayet-Iliopoulos parameter.
As we have seen explicitly in examples that the Bagger-Witten line bundle is nontrivial, understanding the Fayet-Iliopoulos parameter in four-dimensional supergravity is therefore rather nontrivial. We hope to return to this matter in future work.
Conclusions
In this paper we have studied several aspects of the Bagger-Witten line bundle, which arises naturally over moduli spaces of SCFTs and in constructions of supergravity theories. First, we proposed an intrinsic definition of the Bagger-Witten line bundle over a moduli space of Calabi-Yau's, as a line bundle of covariantly constant spinors. Second, we described a few more concrete examples of Bagger-Witten line bundles. This served two purposes. First, known examples are extremely rare in the literature. Second, to construct the Bagger-Witten line bundle, one has to take a local trivially-acting Z 2 quotient (a Z 2 gerbe), which reflects subtle dualities in the theory. We worked through a few examples of this process. Next, we proposed a new criterion for existence of UV completions of supergravity theories, namely that the Bagger-Witten line bundle is a flat, nontrivial line bundle over the moduli space. We also discussed some related mathematics conjectures. Finally, we discussed some subtleties in the application of these results to target-space supergravity theories.
One matter that needs to be resolved is the form of anomaly computations. Existing low-energy supergravity anomaly computations such as e.g. [34, 35] assume that the BaggerWitten line bundle is an honest line bundle over an ordinary moduli space, whereas in fact we have seen that in typical examples the Bagger-Witten line bundle is a 'fractional' line bundle over a stack. As discussed in e.g. [17] , anomaly considerations could potentially be more complicated, involving for example Chern class components over associated inertia stacks that have no analogues for ordinary bundles over smooth manifolds.
In this vein, the recent work [10] applied the four-dimensional anomaly polynomial term
for ω the Kähler form on the moduli space, to compute a formal expression for the cohomology class of ω in moduli spaces of four-dimensional N = 2 SCFTs, by for example comparing to other terms appearing in the four-dimensional anomaly polynomial via dimensional reduction from six dimensions. In two-dimensional theories, there is an analogous term [36] in anomaly polynomials of the form
2)
It would be interesting to repeat the arguments of [10] in a suitable context to formally derive expressions for the Kähler form on the moduli space of two-dimensional SCFTs.
It would also be very interesting to apply these ideas to try to better understand the Kähler potential on the moduli space. Now, in a four dimensional N = 1 theory, this is not protected from any quantum corrections. However, in the examples discussed here, it is constrained to be a modular-invariant function of complex structure moduli, which is a strong constraint. If that fact were used in combination with some other constraints, it might be possible to write a nearly exact expression for the Kähler potential, perhaps something determined up to a few constants.
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A Picard groups of moduli spaces of elliptic curves with level structures
This paper uses results for moduli spaces of elliptic curves with two-torsion points and level two structures. Although this material is well-known in the mathematics community, it is much more obscure in the physics community, and in any event many of the results we need are scattered across different sources. To make this paper self-contained, we collect here a brief review of relevant results.
A.1 Ordinary moduli spaces of elliptic curves
First, recall that the fundamental domain for SL(2, Z) is given by
Solid lines indicate the boundary for the usually-drawn fundamental domain for P SL(2, Z); dashed lines indicate the boundaries of a few other nearby possible fundamental domains. Curved edges arise from circles of radius 1 centered at integer points along the real axis, and circles of radius 1/3 centered at points k/3 along the real axis, for k an integer not divisible by 3.
There are two points on the fundamental domain with nontrivial stabilizers (beyond the generic Z 2 ). One is the point i (of j-invariant 1728), whose stabilizer is Z 4 ⊂ SL(2, Z), which is generated by
Of these, −I acts trivially on the upper-half-plane, and so the point i represents a local Z 2 singularity in the P SL(2, Z) quotient. The other point with nontrivial stabilizer is exp(2πi/3) = −1/2 + i √ 3/2. This point has stabilizer Z 6 , generated by ST for S as above and
In principle, we can read off the Picard group of the moduli space from the two stabilizers above. Briefly, using the fact that S 2 = (ST ) 3 (= −I), we can identify the Picard group with
(for g 1 , g 2 the generators of the Z 4 , Z 6 factors) which can be shown to be isomorphic to Z 12 , with generator (g 1 , g 2 ), corresponding to the Hodge line bundle.
Alternatively, the Picard group can be understood as the group of SL(2, Z)-equivariant line bundles on the upper half plane, and since the upper half plane is simply connected, this is simply
This group is again Z 12 , corresponding to the abelianization of SL(2, Z), as determined by the generators S, ST above. (See for example [37] for a description of this approach and [38] for a very readable discussion of the abelianization.)
In this language, the holonomy χ of the corresponding flat connection is encoded as follows [38] :
In particular, for a compactification on an elliptic curve, it seems that under the mirror to B → B + 1 around large-radius on the complex structure moduli space, corresponding to the transformation T , we see that χ is nontrivial.
Extremely readable reviews of this case can be found in [19, 37, 39, 40] .
In the next sections we will discuss the Picard groups of
, where h denotes the upper half plane, and their relatives in P SL(2, Z) and Mp(2, Z).
To that end, it may be helpful to recall some basic relations between these subgroups of SL(2, Z). First, Γ(2) is a normal subgroup of SL(2, Z) with cokernel S 3 :
In addition, Γ(2) is also a normal subgroup of Γ 1 (2):
Finally, Γ 1 (2) is a non-normal subgroup of SL(2, Z) of index three. 
Then, M 1 (m) can be interpreted as a moduli space of pairs (E, p), where E is an elliptic curve and p is a single m-torsion point [42] [appendix C.13]. This is because for any γ ∈ Γ 1 (m),
and so the m-torsion point 1/m is preserved. In particular, M 1 (2) is then a moduli space of elliptic curves with a two-torsion point fixed.
A fundamental domain for Γ 1 (2) ⊂ SL(2, Z) is given by 11 0 where the left vertical edge has real part −1/2, the right vertical edge has real part +1/2, and the curved edges arise from circles of radius 1 centered at integer points along the real axis, and circles of radius 1/3 centered at points k/3 along the real axis, for k an integer not divisible by 3. Solid lines are the boundaries of the the fundamental domain of Γ 1 (2), whereas dashed lines indicate boundaries of fundamental domains of P SL(2, Z). The vertex at the lower left is at −1/2 + i/(2 √ 3), and the vertex at the upper right is at +1/2 + i √ 3/2. The fundamental domain above is essentially one half of the fundamental domain for Γ(2), as we shall see shortly.
The lower left corner, at −1/2 + i/(2 √ 3), and the upper right corner, at +1/2 + i √ 3/2, can be related by 1 0 2 1 ∈ Γ(2) ⊂ Γ 1 (2), (A. 10) and so define the same point. Similarly, the point −1/2 + i √ 3/2, at the intersection of the three fundamental domains for SL(2, Z), is related to the upper right point +1/2 + i √ 3/2 by the action of
This particular matrix lies in Γ 1 (2) but not Γ(2), and is the essential reason why the fundamental domain for Γ(2) looks like two copies of the fundamental domain for Γ 1 (2).
The point i is no longer a singular point, since the only elements of S in Γ 1 (2) are the generic stabilizer ±I. However, the image of i under U = ST is the point
lying along the left edge of the fundamental domain above, and it has stabilizer Z 4 ⊂ Γ 1 (2) generated by
In this case, as there is one point with stabilizer Z 4 , for reasons similar to the ordinary moduli space, we see that Pic M 1 (2) = Z 4 , and it can be shown 12 [41] that it is generated by the Hodge line bundle. Note in passing that this means the Hodge line bundle is fractional, a line bundle on the gerbe which is not a pullback from the underlying space.
We now turn to Picard groups and Hodge line bundles on [h/Γ 1 (2)] and [h/p * Γ 1 (2)], for Γ 1 (2) ⊂ P SL(2, Z) and p : Mp(2, Z) → SL(2, Z).
First, note that there are projection maps
We construct the last space, the variety h/Γ 1 (2), as follows. Begin with the variety h/Γ(2), which is M 0,4 = P 1 − (3 points), (A.16) where the three points are {0, 1, ∞}. We can now quotient this space by a transposition of order two, defined by an involution of S 3 , to get the variety h/Γ 1 (2). We can describe possible actions on P 1 explicitly as follows:
The stack [h/p * Γ 1 (2)] is a Z 4 gerbe over [h/Γ 1 (2)], and we will see below that over y it has stabilizer Z 8 . Let Z m denote the stabilizer over y, then from the sequence (A.15) we have the relation between stabilizers
We know that Z m → Z = Z 4 is surjective, with kernel equal to the kernel of p : Mp(2, Z) → SL(2, Z), namely Z 2 , and quotient Z 4 , hence we know Z m is given by an extension
It remains to determine whether the extension Z is Z 2 × Z 4 or Z 8 . If we pullback along the center of SL(2, Z), which preserves the kernel Z 2 above, this becomes the nontrivial extension
hence the extension (A.18) must be nontrivial, and so Z m = Z 8 . Finally, as these stabilizers live inside gerbe structures, they define twists by line bundles (on the gerbes), and so we see in each case that the Picard group matches the stabilizer at y, as summarized in table 1.
Since the Hodge line bundle is acted upon by the center of SL(2, Z), it does not exist over [h/Γ 1 (2)], and its pullback to [h/p * Γ 1 (2) ] is the square of the generator of the Picard group there. The moduli space M(m) defined above is the moduli stack of elliptic curves with a level m structure [19] [section 4.2]. The idea is that Γ(m) preserves the level m structure.
A.3 M(2)
To gain a bit of intuition, note that for m = 2, Γ(2) preserves a choice of spin structure on T 2 . If we let periodicities around two cycles be denoted (−) m , (−) n , then under the action of an element of Γ(2) above, We can also interpret M(m) as a moduli space of elliptic curves with a basis of m-torsion points [42] [appendix C.13]. The basic point is that γ ∈ Γ(m) will preserve the m-torsion points including 1/m and τ /m. For example, for such γ, 2). Dashed lines define boundaries between fundamental domains of P SL(2, Z). The straight vertical boundaries lie along lines of real part −1/2, +3/2. The curved boundaries lie along circles of radius 1 centered at integer points along the real axis, and also circles of radius 1/3 centered at points k/3 along the real axis, for k an integer not divisible by 3. The vertices ρ = −1/2 + i √ 3/2, ρ + 2, v = 1/2 + i/(2 √ 3) are related by Γ(2), and so define the same point. Clearly, the fundamental domain for Γ(2) contains six copies of fundamental domains of SL(2, Z). The one-point compactification of this domain is a sphere with three cusps, at 0, 1, and ρ = ρ + 2 = v.
The reader should note that the fundamental domain above for Γ(2) is precisely two copies of the fundamental domain for Γ 1 (2) given previously. The difference comes down to T ∈ Γ 1 (2) which is not also in Γ(2).
The reader should also note that the point α, which lies on the left edge of the fundamental domain previously discussed for Γ 1 (2) but is in the middle of the fundamental region above for Γ (2) , is no longer singular: the only elements of K which lie in Γ(2) are ±I, the stabilizer of generic points. We can also see this in another way. Recall that the fundamental domain of SL(2, Z) had points with stabilizers S and ST . It is straightforward to check that most elements of S and ST are not in Γ(2), with the exception of the Z 2 center of SL(2, Z). As a result, at those potentially problematic points, the only stabilizer is the same as at every other point, the generic stabilizer defining the Z 2 gerbe structure. The other elements of S and ST simply move between different copies of the fundamental domain of SL(2, Z), within the fundamental domain of Γ(2). This is a Z 2 gerbe over the space M 0,4 = C − {0, 1}. More formally, we can describe elliptic curves as cubics in where the point with y = 1 corresponds to the origin and the remaining points, of y = 0, correspond to the nonzero two-torsion points. M(2) is a moduli stack of elliptic curves with a basis of two-torsion points, and at λ = 0, 1, ∞, some of the two-torsion points collide, so we exclude those points. Hence, M(2) is a gerbe over The Hodge line bundle on M(2) is the pullback 13 of the Hodge line bundle on M, and is necessarily nontrivial judging from the nontrivial action of the center of SL(2, Z). (In passing, this means the pullback from Pic M to Pic M(2) is surjective.) Thus, we see that the Picard group of M(2) is generated by the Hodge line bundle, which is fractional (a line bundle on the gerbe which is not a pullback from the underlying space).
In passing, note that if we defineΓ (2) 
A.4 Flat connections on moduli spaces
Although it is not directly relevant to the analyses of the rest of the paper, it seems appropriate to also list related results concerning flat U(1) connections over the moduli spaces of elliptic curves with level structures, which is what we shall do in this section.
The groupΓ(2) ⊂ P SL(2, Z) is a free group on 2 generators. (In fact, it can be identified with π 1 (C − {0, 1}).) We can take the generators to be Table 1 : Listed here are Picard groups, Hodge line bundles, and Hom's for the examples described in this appendix. In the case of Hodge line bundles, g indicates the generator of the Picard group, and -indicates that the Hodge line bundle is not canonically defined.
As a result, p * Γ(2) is the direct product of Z 4 and a free group of rank 2, hence It is also worth noting that in each of the cases above, the Hodge line bundle only exists over a gerby quotient -the Hodge line bundle does not exist over the effectively-acting quotients h/P SL(2, Z), h/Γ(2), or h/Γ 1 (2).
